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ABSTRACT: We demonstrate nonlinear coupling between two
orthogonal ﬂexural modes of single as-grown GaAs nanowires. The
resonant frequency of one mode can be shifted over many line widths
by mechanically driving the other mode. We present time-domain
measurements of the mode coupling and characterize it further by
pump−probe experiments. Measurements show that a geometric
nonlinearity causes the frequency of one mode to depend directly on
the square amplitude of the other mode. Nearly degenerate orthogonal
modes in nanowires are particularly interesting given their potential use
in vectorial force sensing.
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Moreover, nanowires can be grown as heterostructures, which
makes them a very practical monolithic platform for studies of
nanoscale hybrid systems. For example, the optical transitions
of integrated self-assembled quantum dots in nanowires have
recently been demonstrated to couple to the motion of their
host nanowire through strain.23 For such experiments,
measurements on two perpendicular ﬂexural modes would
add the unique possibility of obtaining vectorial information on
force and strain ﬁelds, while mode coupling would allow to
combine this with quantum nondemolition read-out. So far,
mechanical mode coupling has been largely unobserved in
bottom-up produced nanostructures. In one example, grown
carbon nanotubes have been observed to exhibit coupling
between ﬂexural modes of diﬀerent orders.24 However, these
modes are neither perpendicular to each other nor are such
nanotubes usable as singly clamped cantilever force transducers.
In grown nanowires, orthogonal modes have been observed,13,19 but coupling has not yet been demonstrated or
exploited.
In this Letter, we investigate nonlinear coupling of
orthogonal ﬂexural modes of as-grown GaAs nanowires. An
asymmetry in the cross-section of a nanowire leads to the
formation of two nondegenerate orthogonal modes. By driving
one mode in its nonlinear regime of motion, the other mode is
observed to shift in frequency. In a ringdown-type experiment,
this leads to a distinct beating pattern in the time domain,
where the beating period decreases with time. We show that the

oupling between diﬀerent physical quantities lies at the
very basis of the act of measurement. Coupling
mechanisms in high-quality nanomechanical resonators are of
particular interest since these are excellent candidates to study
the transition of quantum to classical physics.1 Furthermore,
the study of such coupling is essential for measurement
techniques such as scanning probe microscopy as well as for the
investigation of hybrid systems. Suﬃciently strong coupling
forms the basis for phenomena such as phonon-cavity physics,2
mechanically-induced transparency,2,3 and synchronization.4−6
It could also enable quantum nondemolition measurements of
the displacement of one mode by measuring the frequency or
phase of a coupled mode.7 Furthermore, the coupling of
mechanical modes has various applications including in
frequency and amplitude modulation,8 improving mechanical
quality factors,9 in several parametric ampliﬁcations schemes,
and in the implementation of mechanical logic.10,11 Mode
coupling may also be used in the enhancement of mechanically
detected mass, charge, and force sensitivity.12,13 For these
reasons, such coupling has been studied in numerous top-down
fabricated nanomechanical systems including single14,15 and
double beam structures8,16 and membranes.17,18
Pristine bottom-up produced structures such as carbon
nanotubes and nanowires showing great promise as ultrasensitive force transducers for scanning probe microscopy.19−22
Attractive features of these structures are their small
dimensions, clean surfaces, the possibility of defect-free growth,
and their relatively high mechanical resonance frequencies.
Recent experiments demonstrated the use of nanowire force
transducers in nanometer-scale magnetic resonance imaging20
and as ultrasensitive vectorial radiation force sensors.13
© 2016 American Chemical Society
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maximum power incident on the nanowire of ∼5 μW. The
large bandgap of GaAs compared to the energy of our laser
allows us to avoid spurious heating of the nanowire through
absorption. The light reﬂected by the interferometer is
collected by a photodiode with a bandwidth of 5 MHz. Two
perpendicularly placed, voltage-controlled piezoelectric transducers (PZTs) attached to the sample holder are used to drive
oscillatory motion of the nanowires in two orthogonal
directions. The two PZTs are independently actuated by two
oscillators of a lock-in ampliﬁer, and the same lock-in ampliﬁer
demodulates the response of the photodiode. The system is
placed in a vacuum with pressure <10−6 mbar at room
temperature.
A small asymmetry can be present in the cross-section of a
grown nanowire, as shown schematically in Figure 1, panel b.
Such an asymmetry leads to the formation of two nondegenerate ﬂexural modes along the indicated directions
(purple and orange arrows). As shown in Figure 1, panel b,
the two modes studied here have resonant frequencies at f1 =
ω1/2π = 1.194 MHz and f 2 = ω2/2π = 1.200 MHz, which are
reproduced numerically for a wire with a similar geometry,
requiring an asymmetry in the cross-section of only 0.5%. From
ringdown measurements, as discussed later, we determine
quality factors of 4300 and 5500, respectively, for the two
modes.
The ﬂexural motion of small structures such as nanowires
and carbon nanotubes enters the nonlinear Duﬃng regime
already for modest driving amplitudes,24,26 and consequently
also strong coupling between ﬂexural modes can be easily
reached, as discussed later. To describe the nonlinear motion of
the nanowire, we consider it as an isotropic, inextensible,
Euler−Bernoulli beam. The large deformation of cantilever
beam structures can give rise to geometric nonlinearities.27
Following the approach used by Crespo da Silva and Glynn28,29
(see Supporting Information), one then arrives at the following
equation describing the displacement a of steady-state motion
of one of the two perpendicular modes for a small driving force
at frequency ω, with resonance frequency in the linear regime
ω1 and damping rate η1:

mode coupling and nonlinearity can be exploited for the
implementation of frequency modulation, amplitude to
frequency conversion, and logical operations.
The nanowires are grown perpendicularly on a (111)B GaAs
substrate coated with 4 nm SiOx and are kept attached to this
substrate (see Figure 1b). The growth proceeds by the catalyst-

Figure 1. (a) Schematic of the measurement setup. (b) Frequency
sweep at low driving amplitude showing the two mode resonances.
The diﬀerence in the amplitude of the modes is related to the
detection direction. Inset: scheme of the direction of the two modes in
a nanowire with a small asymmetry in the cross-section (for reference,
the blue dashed line indicates a symmetric hexagon) and a scanning
electron micrograph of a GaAs nanowire with similar dimensions as
the one studied.

free Gallium-assisted method25 in a DCA P600 solid source
molecular beam epitaxy setup under a rotation of 7 rpm, with a
growth rate of 0.5 Å/s, and a substrate temperature of 630 °C.
The crystal structure of the resulting nanowires is mostly zincblende, with a hexagonal cross-section. The produced nanowires have lengths up to 25 μm and diameters of roughly 100
nm. Keeping the nanowires pristine is important, as further
processing can signiﬁcantly degrade their structural and
mechanical properties. Avoiding postprocessing of the nanowires minimizes the introduction of surface defects and ensures
the rigid clamping of the nanowires to their substrate. Indeed,
mechanical dissipation rates in grown nanowires have been
reported to be much lower than for similar cantilevers
produced in a top-down manner.19
The measurement setup is illustrated in Figure 1, panel a.
The displacement of the nanowire is measured via a ﬁber-based
method,19 in which the nanowire forms one reﬂecting interface
of a low-ﬁnesse Fabry−Pérot interferometer, while the surface
of a cleaved single-mode ﬁber forms the other interface. The
sample is mounted on a stack of positioning stages for threeaxis translation control, which allows the nanowire to be placed
in the focal point of an objective placed in front of the singlemode ﬁber. A ﬁber coupler is used to inject 1550 nm of light
from a laser into the interferometer, which results in a

(ω12 − ω 2 + iη1ω + α1a 2 + α1b2)a = εF1

(1)

A symmetric equation can be written for the displacement of
the second mode b with linear resonant frequency ω2 and
damping
rate
η2.
Here,
α1

d1 2
L

( )∫

1

0

ξ(x)(ξ′(x)(ξ′(x)ξ″(x))′)′ dx is the dimensionless

version of the coupling coeﬃcient α̃ as deﬁned in the
Supporting Information, L is the length, and d1 the diameter
of the nanowire, respectively. The ﬁrst ﬂexural mode shape is
denoted by ξ(x), where x is the spatial coordinate along the
nanowire axis. F1 represents a driving force as deﬁned in the
Supporting Information and ε ≡ ∫ 10 ξ(x) dx.
The expression between parentheses on the left-hand side of
eq 1 forms a frequency-dependent response factor to the
driving, where the last two terms are due to the geometrical
nonlinearity and shift the resonance frequency of mode 1. The
a2 term results in a frequency shift Δfd, which is a quadratic
function of the displacement of the same mode 1. This is the
same frequency shift one observes for a single-mode Duﬃng
oscillator.26 The b2 term describes the mode coupling and
result in a frequency shift Δfc of mode 1, which varies
quadratically with the displacement of the other mode 2.30 A
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Figure 2. (a) Top: excitation scheme of the ringdown measurement. Bottom: ringdown with excitation at f 2 of 100 mV. An exponential ﬁt to the
decay is given by the orange curve. (b) Ringdown measurement with excitation at frequency f 2 and amplitude 2400 mV. Blue arrows highlight the
varying beating period. The top panel shows a closeup of the displacement oscillations. (c, d) Short time Fourier transforms of the low and high
amplitude ringdown measurements of panels a and b, respectively. In panel d, as the excitation is stopped, mode 2 is in its nonlinear regime as
evidenced by the broadening of the peak and a slight shift toward higher frequencies. (e) Semilog plot of the normalized amplitude of mode 2 and
the normalized frequency shift of mode 1.

thus reducing the beating frequency. As the amplitude of mode
2 decays, mode 1 moves back toward f1, and the beating
frequency therefore increases toward f 2 − f1.
In Figure 2, panels c and d, short-time Fourier transforms of
the ringdown measurements are plotted. For low driving
amplitude, only a frequency component at f 2 is present during
both the excitation and decay parts of the measurement. For
high driving amplitude, an additional frequency component
develops at the time the excitation is stopped. This component
is spectrally broad in the beginning, but over time narrows and
shifts toward f1, making it clear that it corresponds to an
excitation of mode 1. As described by eq 1, Δfc is a quadratic
function of the amplitude of mode 2, which decays
exponentially with time constant τ2 = 1/η2. In Figure 2, panel
e, the frequency shift of mode 1, as well as the amplitude of
mode 2, is plotted as a function of time. Indeed, we ﬁnd that
Δfc decays as e−2t/τ2, that is, twice as fast as the amplitude of
mode 2, conﬁrming the nonlinear nature of the observed mode
coupling.
When the pump excitation is applied on resonance with
mode 1, no beating pattern is observed, regardless of driving
amplitude. This is consistent with the previous explanation
since in this case the pump drive pushes mode 2 away from f1,
leading to no overlap of that mode with the excitation.
To investigate the dependence of Δfc on the displacement of
the pumped mode in more detail, we perform pump−probe
measurements. In the leftmost panel of Figure 3, the response
of mode 1 is probed by sweeping with a weak excitation, while
mode 2 is driven with a pump excitation, high enough to reach
the nonlinear regime. Stepping the pump frequency changes

symmetric description applies to mode 2. For this wire, we
calculate α̃ 1 = 6.4 × 104 nm−2 s−2. A similar value of coupling
coeﬃcient was found for other GaAs nanowires,26 and a slightly
lower one can be found in literature for silicon nanowires.31
This value gives a coupling strength of 2.5 kHz for an amplitude
in mode 2 of just 10 nm. By comparing this value with the 250
Hz line width of mode 1, we can state that we are in a regime of
strong coupling.
The frequency shift Δfc can be clearly observed in a
ringdown experiment (see Figure 2a, top). In these measurements, a pump excitation is ﬁrst applied at ﬁxed amplitude and
ﬁxed frequency for 95 ms and then switched oﬀ, after which the
decay of the excitation is observed for 5 ms. The measurement
is then repeated, and the results are averaged. Ringdown
measurements with low driving amplitude show simple
exponential decay and conﬁrm the quality factors for both
modes that were discussed before (Figure 2a). Next, we
perform ringdown measurements at a higher driving amplitude
at frequency f 2. Now a clear beating pattern is visible in the
averaged time trace (see Figure 2b). The frequency of the
beating is not constant in time but tends toward f 2 − f1 at the
end of the decay. Qualitatively, this beating can be understood
as follows: for high enough driving amplitudes, mode 1 is
shifted enough in frequency through the coupling to overlap
the pump frequency. Hence, this mode is also excited at the
pump frequency. During the second part of the ringdown
measurement, both modes decay at their own, time-dependent
characteristic frequencies, resulting in beating. At the beginning
of the decay, mode 2 oscillates at a high amplitude, causing
mode 1 to be pulled to a higher frequency, that is, closer to f 2,
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mode in terms of the derivative of the squared displacement in
the other mode with respect to the driving frequency:
⎛
∂|b|2 ⎞
α 1,eff = α1⎜1 − α1
⎟
∂ω ⎠
⎝

(2)

Mode 2 shows a jump in its response around the frequency
indicated in Figure 3 by the red dashed line. Because of this
eﬀect, the last term in eq 2 changes sign at this frequency,
which results in a negative eﬀective nonlinearity (sharkﬁn-shape
with jump on lower ﬂank) of the probed mode for lower pump
frequencies and a positive eﬀective nonlinearity (sharkﬁn-shape
with jump on higher ﬂank) for higher pump frequencies.
Similarly, the amplitude response function of the pumped
mode can be mapped onto the frequency shift of the other
mode by stepping the pump amplitude at ﬁxed frequency.
Figure 4, panel a displays the frequency response functions of
mode 2 in the linear and nonlinear regime. Fixing the pump
frequency at f 2 and varying the pump amplitude result in
frequency shifts of mode 1 as shown in Figure 4, panel b. In
Figure 4, panel c, the pump frequency is set to a value higher
than f 2. Varying the pump amplitude initially results in a small,
quadratic frequency shift of mode 1. As the pump amplitude is
increased, mode 2 enters its nonlinear regime and becomes
bistable, showing a jump in its response at a frequency that
increases with increasing pump amplitude. For high enough
amplitude, this frequency reaches the pump frequency, allowing
mode 2 to jump to its high-amplitude branch. This jump is
observed as a corresponding jump in frequency shift of mode 1.
For relatively low displacements of mode 2, the frequency
shift in both cases shows a quadratic dependence (see insets of
Figure 4b,c). The deviations from this behavior at higher pump
amplitudes are most likely related to optical compression in the
interferometric detector, as well as mechanical mixing due to
the presence of both pump and probe drives, and possibly due
to the wire entering a strong bending regime of motion.32
We conﬁrm the orthogonal nature of the two modes by using
two perpendicularly mounted PZTs to drive the pump
excitation (as shown in Figure 1b). From the magnitude of
the frequency shifts (solid and dashed data sets in Figure 4b, for
PZT2 and PZT1, respectively), we infer that PZT2 drives mode

Figure 3. Left panel: frequency response of mode 1 for diﬀerent pump
frequencies around f 2, with driving amplitude 600 mV. Right panel:
squared and normalized frequency response of mode 2, at driving
amplitude 600 mV (black curve). Plotted on top are frequency shifts
for maximum displacements of the mode 1 extracted from the left
panel (blue triangles).

the displacement of the pumped mode according to its
frequency response function and, through the mode coupling,
maps this response function onto the frequency shift of the
other mode. In the right panel of Figure 3, the squared and
normalized frequency response of mode 2 is plotted (black
curve) for the same driving amplitude as used in the left panel.
Plotted on top of this (blue triangles) are the frequency shifts of
the maximum response of mode 1, as shown in the left panel.
The agreement between the curves conﬁrms the quadratic
dependence of the frequency pulling eﬀect.
The shape of the resonance of the probed mode changes as
the pump frequency is stepped. This provides a way to tune the
eﬀective nonlinearity of one mode by precisely controlling the
motion in the other, orthogonal mode. By using perturbation
theory, one can write the eﬀective nonlinearity constant of a

Figure 4. (a) Pump−probe measurement scheme with the pump drive at two diﬀerent ﬁxed frequencies: at the resonance frequency of mode 2 in
the linear regime (solid blue line) and at a frequency higher than the critical frequency of mode 2 in the nonlinear regime (dashed green line). (b)
Frequency response sweeps of the probed mode with the pump amplitude increasing from bottom to top. The solid and dashed black lines
correpond to pumping with PZT2 and PZT1 (see Figure 1a), respectively. Inset: frequency of maximum response of probed mode (from dashed
curves), plotted as a function of pump amplitude, for relatively low pump amplitudes. The curve is a ﬁt to a quadratic function. (c) Frequency sweeps
of the probed mode with the pump drive frequency as indicated by the dashed green line in panel a. Inset: frequency of maximum response of
probed mode, plotted as a function of pump amplitude, for relatively low pump amplitudes. The curve is again a ﬁt to a quadratic function.
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2 more than does PZT1. Similarly, by probing the response of
mode 1 with each PZT, we determine that PZT1 drives mode 1
harder than does PZT2.
The ability to map the displacements and oscillation
frequencies of one mode onto the frequency of another
mode can be used to implement amplitude to frequency
conversion, frequency modulation, and frequency tuning. This
type of mode coupling and nonlinearity can also be used to
perform mechanical logic. As a proof-of-principle, we
demonstrate mechanical OR and NOR gates in the Supporting
Information. The hysteresis due to the nonlinearity of the
modes also provides a straightforward way to store these logical
output states.10,11
In conclusion, we have shown that two orthogonal ﬂexural
modes of a GaAs nanowire can couple through nonlinear terms
in the motion. The mode coupling is clearly visible in ringdown
measurements, where we observe a beating pattern with
frequency equal to the diﬀerence in mode frequencies. We
furthermore demonstrate that the frequency shift of one mode
is proportional to the square amplitude of the coupled mode,
which conﬁrms the nonlinear nature of the coupling. This
system allows for the implementation of mechanical logic and
memory. Finally, a prospective use of the two orthogonal
modes in the nanowires lies in bidimensional sensing. By
entering the nonlinear regime of motion in each mode, a force
sensitivity of ∼100 zN/ Hz 26 could in principle be reached in
both orthogonal directions simultaneously. Such a bidimensional sensor has been used before to measure the nonconservative nature of radiation pressure,13 but could also be
used to detect vector force gradients on a sample surface, for
example, in an atomic force microscopy setup. The mode
coupling could enhance such measurements by allowing twodimensional information to be obtained through the read-out of
a single mode.

■
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