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We are interested in improving the fiber-optic interferometer used to sense the displacement of our 
cantilever.  At the moment we have a low-finesse interferometer operated at low power at 1550 nm.  
We typically operate with between 20 and 100 nW of incident power and we are limited by the 
detector shot noise rather than by electronic noise.  At temperatures below 1 K, energy from laser 
light absorbed by the Si cantilever is enough to heat the cantilever above the bath temperature.  
Therefore, we would like to both lower the noise floor of the interferometer (improve it's resolution) 
and lower the incident power in order to prevent cantilever heating.

Following the reasoning explained in D. Rugar et al. [Rev. Sci. Instrum. 59, 2337 (1988)], we can 
calculate the noise floor of such a low-finesse, low-power interferometer for 20nW incident power at 

1550 nm in m� Hz :

In[12]:= � = 1550 * 10-9; ec = 1.602 * 10-19; S = .4; Pav = 20 * 10-9;

Anoise =
�

2 �

ec

2 S Pav

Out[13]= 7.8059 × 10-13

The above applies in the case where the effective reflectivities from the cantilever and the fiber are 
equal.  This simplistic treatment of the problem is valid as long as these reflectivities are low or the 
finesse of the cavity is small.  In other words, this model describes the case where light makes only 
one round-trip in the fiber-cantilever cavity.

For cavities with higher finesse, we must consider multiple reflections, i.e. we must treat the cavity 
as a Fabry-Perot cavity.  Assuming that the fiber surface and the cantilever and perfectly parallel 
and ignoring losses, we can plot the fraction of the incident power which is reflected as a function of 
the cavity length:
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In[14]:= � = 1550 * 10-9; R1 = .5; R2 = .5; n = 1;

F =
4 R1 R2

�1 - R1 R2 �
2

Plot�1 -

(1-R1) (1-R2)

�1- R1 R2 �
2

1 + F Sin� 2 � n l
�

�
2
, 	l, 0, 2000 * 10-9
, ImageSize � 500, PlotRange � {0, 1}�

Out[15]= 8.
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In the above case, R1 and R2 are the reflectivity of the fiber and the cantilever respectively.  In the 
low-finesse limit, as shown below, we can compare the two models and we see that they yeild 
similar results:
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In[17]:= � = 1550 * 10-9; R1 = .1; R2 = .1; n = 1;

F =
4 R1 R2

�1 - R1 R2 �
2

Plot�	R1 + �1 - R12 R2 + 2 �1 - R1 R1 R2 Cos�
4 � l

�
- Pi�, 1 -

(1-R1) (1-R2)

�1- R1 R2 �
2

1 + F Sin� 2 � n l
�

�
2

,

	l, 0 * 10-9, �
, ImageSize � 500, PlotRange � {0, 1}, PlotStyle � {Hue[0], Hue[.7]}�

Out[18]= 0.493827
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If we improve the reflectivities of the lever and the fiber, then we will have to use the Fabry-Perot 
model.  Let's see how much our noise floor will improve if we improve these reflectivities.  Solving 

for the reflected power from a Fabry-Perot cavity we have Pr = P 1 -

(1-R1) (1-R2)

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

.  For 

small changes in the cantilever displacement (x << l), the displacement signal in terms of current 
will be Is = x S Pr' (l).  The associated current shot noise will be In = 2 e S Pr (l) .  There-

fore the rms displacement noise floor is given by xn = 2 e S Pr (l)
S Pr' (l)

= 2 e Pr (l)
S

1
Pr' (l)

.  Let's 

solve for these terms and plot them.  Let's also include some absorption � and some current noise.
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In[20]:= Clear[�, R1, R2, n, l, P, �];

D�P 1 -

(1-R1) (1-R2) (1-�)2

�1- R1 R2 �
2

1 + 4 R1 R2

�1- R1 R2 �
2
Sin� 2 � n l

�
�
2

, {l, 1}�

Out[21]= 16 n P � (1 - R1) (1 - R2) R1 R2 (1 - �)2 Cos�
2 l n �

�
� Sin�

2 l n �

�
� �

	1 - R1 R2 

4
� 1 +

4 R1 R2 Sin� 2 l n �
�

�
2

	1 - R1 R2 

2

2
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In[22]:= � = 1550 * 10-9;

R1 = .3;

R2 = .3;

n = 1;

S = 0.4;

ec = 1.602 * 10-19;

P = 20 * 10-9;

� = 10-2;

Inoise = 10-13;

LogPlot�	

2 ec S P 1 -

�1-R1 �1-R2 �1-�2

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

+ Inoise

Abs�S P
16 n � (1-R1) (1-R2) R1 R2 (1-�)2 Cos� 2 l n �

�
� Sin� 2 l n �

�
�

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�


, 	l, 0 * 10-9, �
,

ImageSize � 700, PlotStyle � {Hue[0], Hue[.7]}, PlotRange � 	10-16, 10-11
�

Out[23]=
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In[24]:= � = 1550 * 10-9;

R1 = .75;

R2 = .75;

n = 1;

S = 0.4;

ec = 1.602 * 10-19;

P = 20 * 10-9;

� = 10-2;

Inoise = 10-13;

LogPlot�	

2 ec S P 1 -

�1-R1 �1-R2 �1-�2

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

+ Inoise

Abs�S P
16 n � (1-R1) (1-R2) R1 R2 (1-�)2 Cos� 2 l n �

�
� Sin� 2 l n �

�
�

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�


, 	l, 0 * 10-9, �
,

ImageSize � 700, PlotStyle � {Hue[0], Hue[.7]}, PlotRange � 	10-16, 10-11
�
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In[26]:= � = 1550 * 10-9;

R1 = .95;

R2 = .95;

n = 1;

S = 0.4;

ec = 1.602 * 10-19;

P = 20 * 10-9;

� = 10-2;

Inoise = 10-13;

LogPlot�	

2 ec S P 1 -

�1-R1 �1-R2 �1-�2

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

+ Inoise

Abs�S P
16 n � (1-R1) (1-R2) R1 R2 (1-�)2 Cos� 2 l n �

�
� Sin� 2 l n �

�
�

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�


, 	l, 0 * 10-9, �
,

ImageSize � 700, PlotStyle � {Hue[0], Hue[.7]}, PlotRange � 	10-16, 10-11
�
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In[28]:= � = 1550 * 10-9;

R1 = .995;

R2 = .995;

n = 1;

S = 0.4;

ec = 1.602 * 10-19;

P = 20 * 10-9;

� = 10-2;

Inoise = 10-13;

LogPlot�	

2 ec S P 1 -

�1-R1 �1-R2 �1-�2

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

+ Inoise

Abs�S P
16 n � (1-R1) (1-R2) R1 R2 (1-�)2 Cos� 2 l n �

�
� Sin� 2 l n �

�
�

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�


, 	l, 0 * 10-9, �
,

ImageSize � 700, PlotStyle � {Hue[0], Hue[.7]}, PlotRange � 	10-16, 10-11
�
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We have considered cases where R1 = R2 since this condition minimizes the noise floor for any 
given � as shown below:
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In[30]:= � = 1550 * 10-9;

n = 1;

S = 0.4;

ec = 1.602 * 10-19;

P = 20 * 10-9;

Clear[R1, R2];

l = � � 1000;

Plot3D�Log�10,

2 ec S P 1 -

�1-R1 �1-R2

1- R1 R2
2

1+ 4 R1 R2

1- R1 R2
2
Sin� 2 � n l

�
�
2

Abs�S P
16 n � (1-R1) (1-R2) R1 R2 Cos� 2 l n �

�
� Sin� 2 l n �

�
�

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�

�, {R1, 0.01, .99},

{R2, 0.01, .99}, ImageSize � 500, PlotPoints � 300, Mesh � False�

Out[31]=
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In[32]:= � =
1550

109
;

n = 1;

S = 0.4`;

ec =
1.602`

1019
;

P =
20

109
;

Clear[R1, R2];

l =
�

1000
;

ContourPlot�Log�10,

2 ec S P 1 - (1-R1) (1-R2)

�1- R1 R2 �
2

1+
4 R1 R2 Sin�

2 � n l

�
�
2

1- R1 R2
2

Abs�
S P �16 n � (1-R1) (1-R2) R1 R2 Cos� 2 l n �

�
� Sin� 2 l n �

�
��

�1- R1 R2 �
4
� 1+

4 R1 R2 Sin�
2 l n �

�
�
2

1- R1 R2
2

2
�

�,

{R1, 0.01`, 0.99`}, {R2, 0.01`, 0.99`}, ImageSize � 500, ContourStyle � Automatic�

Out[33]=
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From these calculations we can conclude that increasing the reflectivity -- and therefore the finesse 
-- of our cavity will improve our displacement detection noise.  
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For 30% reflectivity we have 5 x 10-13m� Hz   (similar to current conditions)

For 75% reflectivity we have 1 x 10-13m� Hz

For 95% reflectivity we have 2 x 10-14m� Hz  

For 99.5% reflectivity we have 2 x 10-15m� Hz
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