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Approach and navigation
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Fig. S1. (a) Optical image of the sample showing the patterned continuous Au wire for navigation and FNTs (dark
lines in the middle); (b) photograph of the SOT microscope; (d) simulation of the AC magnetic field amplitude
along the z-axis Bac produced by the current flowing through the Au wire; corresponding measurements of (e)
Bac, (f) the thermal signal ATac, and (g) the DC magnetic field along the z-axis Boc, recorded by the SOT above the
area with ferromagnetic nanotube (visible in DC magnetic image).

The nanotube samples under study lie on a substrate and are difficult to locate with a scanning probe.
Typically, such problems are solved by using topographic markers to locate the samples. Our scanning
probe is not sensitive to sample topography and the use of magnetic markers could cause unwanted
interactions with the ferromagnetic nanotubes (FNTs). Fortunately, the SOT devices are extremely
sensitive to the AC magnetic field [27] and heat [40], which can both be used for navigation. We therefore
pattern a continuous Au wire on our sample substrate. By passing an AC current through the wire, we can
image its geometry and use it as a marker of position. In fact, the wire serves two purposes: 1) we use it
to locate the nanotubes and navigate above them at a safe distance >1 um; 2) by comparing the measured
AC magnetic field produced by the wire with simulations of the Biot-Savart field, we use the wire to
determine the distance between the substrate and the SOT. Once navigation is complete and the distance
has been determined, we can turn the AC current off removing any disturbance to the measurements of
the FNT magnetism. The asymmetric structure of the wire and its varying period create a “hot” area in the
middle of the sample, which is used for rough navigation a few hundred pum above. Upon approach the
wire features become visible in the magnetic and thermal signals. Thereafter, finding the location of the
nanotube is easy.



Image processing

Imaging with nanoSQUIDs provides a spatial resolution, which is limited by the finite size of the sensor
and the sample-to-sensor separation. If the diameter of the SQUID pick-up loop is bigger than this
separation, it makes sense to consider the size and shape of the SQUID loop in deconvolving the measured
flux image to extract an image of the stray field. All the images shown in this work were processed with a
filter function. Using the convolution theorem we assume that our data matrix in the 2D Fourier space is
represented by:

by (ks 2) = by (sl 2) - g(knrky)

Where b, is the 2D Fourier transform of the raw data matrix, bf is the filtered data matrix in Fourier space
and g is the filter function. Additionally k, and k,, are components of the spatial frequencies, while z is
assumed constant, playing the role of multiplicative factor (the height of the SQUID over the sample is
considered constant since the tilt of the sample is negligible). As a filter function we used a Boolean matrix
in the real space, with the same number of elements as in the data matrix. It has the same geometrical
characteristics and dimensions as the SOT probe.
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Fig. S2. Images of (a) G (x, y) function, (b) g(kx, ky) function, (c) raw flux image of
a nanotube, (d) stray field of a nanotube (deconvolved). Scale bar is 0.7 um and the
signal span is 15 Gauss.

The function in real space on the right is described by:

1, rl<a
G(X;Y)lz:cost. ={ 0 :rl >a

Where a stands for the radius of the SQUID loop. Then G is the filter function in the real space. Applying
a 2D Fourier transform was obtained a first order Bessel function in the Fourier space:
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The same procedure, i.e. a 2D Fourier transform was applied to the raw data to obtain the b, matrix, after
which the by function can be extracted by multiplying the b, and gt

bf(kx' ky'Z) = br(kx' ky, Z) g_l(kx' ky)
The filtered real space matrix was obtained by the Fourier transform inversion of the by function.

We note that this filtering procedure does not significantly alter the images, reflecting the small size of

the SOT probe compared to the length-scales over which our measured stray field vary. Figure S2
demonstrates the images before and after the applied deconvolution.

Stray-field images of 2-um-long FNT
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Fig. S3. Magnetic reversal of a 2-um-long FNT (/=2.06 um, d =230 nm) in a field H, applied perpendicular to its long
axis. Images of the stray field component along Z, H,,, in the xy-plane 300 nm above the FNT for the labeled values

of H, as measured by the scanning SOT. The scalebar corresponds to 1-um. This FNT displays a qualitatively similar
reversal progression to the 4-um-long FNT in Fig. 2 of the text.



Setting the initial conditions of the simulation

The simulated stray field pattern near Hp = 0 for the 0.7-um-long FNT (Figs. 3 (b) and 3 (c)) depends on the
initial conditions of the simulation. For this reason, a number initial conditions were tested.

In the simplest case, shown in Fig. 3 (c), the FNT was initialized at Hp = 0 with a vortex at each end of
matching circulation sense and an axial central domain. In the simulation, this mixed state configuration
is then allowed to relax to a stable low energy configuration at Hp = 0. The resulting zero-field configuration
is the slightly distorted global vortex state shown in the middle panel of Fig. 3 (d). The field is subsequently
stepped to -45 mT in small steps, always allowing the system to find a stable low energy configuration at
each field. This procedure preserves the global vortex state down to -45 mT, which is the starting point
for the stray field simulation shown in Fig. 3 (c). At this point, the field is stepped up towards 57 mT. Again,
at each field the system is allowed to find a stable low energy configuration.

For the progression shown in Fig. 3 (b), the FNT is initialized with two vortices, one each in the top and
bottom facets of the hexagonal FNT. This configuration is initialized at Ho = 0 and allowed to relax. Then,
once again, the magnetic field is stepped to -45 mT, always allowing the system to find a stable low energy
configuration. At this point, as before, the field is stepped up towards 57 mT.

A number of other initial configurations were tested, including with up to 6 vortices in various positions
in the FNT. We also initialized the simulation with a saturated FNT by applying a strong field H 0<-1.2 T
and stepping the field back towards the starting point at -45 mT. None of these procedures produced the
stray-field patterns that we observed in Fig. 3 (a). It is impossible for us to rule out that other stable
magnetization configurations — different than those we suggest — produce the observed stray field
patterns. Nevertheless, having tested the most probable configurations according to both theoretical
predictions and previous experiments, the predicted configurations are likely close to reality.



